We present a continuum model of nonequilibrium heterogeneous elastic systems, which includes both smooth and singular strains, as well as their coupling to free surfaces, in two spatial dimensions. It accurately includes nucleation, interactions, and dynamics of dislocations. In particular, we demonstrate that the model recovers the well-known Matthews-Blakeslee critical thickness for the nucleation of misfit dislocations. For misfitting heteroepitaxial films above the critical thickness, dislocations compete with the stress-induced instability of the film-vapor interface as a strain-relief mechanism. At early times, the dislocations slow down the initial instability by climbing to the film-substrate interface and relaxing the misfit strain partially. However, the late-time morphology is determined by the strong interaction between the stress concentration at the bottom of the grooves and the singular stresses due to dislocations.
I. INTRODUCTION
The precise control of the morphology of thin films under strain is an important ingredient in the fabrication of microelectronics. For example, various semiconductor alloys are commonly used to engineer devices with particular values of the band gap. Due to the misfit in the constituent's lattice constants and silicon, the most commonly used substrate, the film is typically under a compressive misfit stress. It is now understood that such strained films may undergo a morphological instability owing to the stress in the film. This instability, known as the Asaro-Tiller-Grinfeld 1,2 ͑ATG͒ instability, allows the film to partially relax its elastic energy by becoming corrugated ͑''buckling''͒, thereby making the growth of planar films difficult to achieve. [3] [4] [5] [6] [7] [8] [9] An alternative strain-relief mode can be important for a sufficiently thick film: [10] [11] [12] [13] misfit dislocations can nucleate and climb to the film-substrate interface, thereby relaxing strain. This latter mechanism leads typically to a large number of threading dislocations that can deteriorate the electrical properties of the film.
For some applications, films need not be grown planar. For example, there is a growing need to manufacture smallscale quantum dots (Lϳ1 -10 nm), which can be used in such novel optoelectronic devices as single-electron transistors, quantum-well lasers, and light-emitting diodes. These nanoscale components have been traditionally obtained from planar films by lithographic techniques. However, such lithographic techniques incur practical limitations as the size of the desired device is decreased. Hence it has been suggested that one can employ the ATG instability as a means to selfassemble regular patterns. In that case, the size and spatial arrangement of the islands determines the optoelectronic properties of the device. Therefore, there is a need for a better understanding of how the growth conditions and materials parameters affect the final morphology of the film.
Experiments suggest 9,14 -17 that both of these mechanisms-the buckling of the film and the nucleation of dislocations-take place in supercritical films. It has been demonstrated 17 recently that groove alignment in Si 1Ϫx Ge x films grown on a Si surface depends crucially upon whether misfit dislocations are present or not. In particular, the dislocations line up at the film-substrate interface in the ͗110͘ direction, and modify the overall strain pattern in such a way that the subsequent growth of the film occurs on top of the dislocations. Even a qualitative understanding of the morphology requires an approach that treats explicitly both mechanisms at the same time.
To this end, in this paper we introduce a continuum model that treats both strain-relief mechanisms on an equal footing. It implicitly includes the nonlinearities arising from free surfaces, as well as singular interactions between dislocations and smooth misfit strains. The interaction between nonuniform stresses and plasticity is theoretically challenging to address, since the former constitutes a free-boundary problem, while the latter involves singular contributions to the strain. In order to overcome the first difficulty, we have employed a continuum model based on the order-parameter ͑or phase-field͒ concept that implicitly takes free boundaries into account. In order to overcome the second difficulty, we introduce a ghost field that conveniently mediates the singular interaction between the dislocations. We give the model a detailed exposition, as well as report on some numerical tests with the model. In particular, it is numerically demonstrated that our model recovers the well-known Matthews-Blakeslee criterion for the nucleation of misfit dislocations. Furthermore, it is shown that the model accurately incorporates dislocation interactions in thin films.
After reporting results pertaining to dislocation energetics in a static film, we apply the model to the dynamics of thinfilm growth in the presence of dislocations. We show that, depending on their mobility and density, dislocations can have a strong effect on the dynamics. In particular, we dem-onstrate that the film-vapor interface may be stabilized due to the presence of misfit dislocations, if the dislocations screen the misfit stress completely. The effect of dislocations can be tuned by varying the mobility, or the density of dislocations, through their core energy. We find that dislocations generally coexist with the ATG instability. The growth rates of the instability can be continuously tuned by dislocation mobility and core energy. In the nonlinear regime, defects lead to slower coarsening of the morphology due to a buildup of dislocations ahead of the groove tips.
This paper is organized as follows. First, in Sec. II we discuss the two modes of strain relief in thin-film growth, and the concepts of critical thickness and the ATG instability. In Sec. III we review related work. The model is given a detailed exposition in Sec. IV. Our results are summarized in Sec. V, for both static and evolving films. It is shown numerically that the Matthews-Blakeslee condition is recovered for dislocations in a static planar film. Furthermore, the coupled dynamics of the thin film and dislocations are studied numerically. The paper ends with a conclusion and discussion in Sec. VI. Mathematical details are given in the Appendices.
II. STRAIN-RELIEF MECHANISMS

A. Misfit dislocations and the critical thickness
If a film is grown on a substrate with a different lattice constant, that epilayer will usually be strained. It is well known that, for thick enough films, threading dislocations extend to the film-substrate interface and relax the misfit stress in the film by destroying the coherency of the filmsubstrate interface. [10] [11] [12] 18 Below this thickness, dislocations are thermodynamically unstable and the system must revert to some other means to relax the stress.
Partially relaxing coherency at the interface allows the lattice constant in the epilayer to approach its equilibrium value. However, locations where coherency is lost correspond to dislocations. Hence, misfit strain is partially screened by the interfacial misfit dislocations. This leads to an overall decrease in the net misfit strain and hence strain energy. Upon employing energy-balance arguments, Matthews and Blakeslee 12,13 derived the following expressions for the critical thickness h c and the residual equilibrium strain f *:
Note that, in general, f * 0, which implies that the strain is only partially relaxed by the dislocations. Typically, h c ϳ10 atomic layers for a misfit strain f Ϸ0.1. Dynamically, defects are expected to nucleate at the film-vapor interface and glide down to the film-substrate interface. Experiments of Gao and Nix 9 demonstrated that films can be grown past their nominal critical thicknesses due to kinetic limitations on dislocation formation. However, upon annealing, they observed dislocation nucleation, in addition to a morphological instability of the initially flat surface. This will be discussed further below.
B. Asaro-Tiller-Grinfeld instability of coherent subcritical films
While misfit dislocations are expected to relax the misfit strain partially for films of thickness hϾh c , the system can also relax its total energy through a morphological ATG instability. [1] [2] [3] 7 This mode occurs in films below their critical thickness. As a consequence of this instability, the free interface develops grooves and islands form with a well-defined wavelength, while the film-substrate interface remains coherent. This mode has been identified 19 with dislocation-free layer and island ͑Stranski-Krastanov͒ growth.
Consider a semi-infinite two-dimensional film, [1] [2] [3] 20, 21 where the interface is given by yϭh(x) in the r ជ ϭ(x,y) plane and h(x)ϭh 0 sin(qx) where q is a wave number. The boundary conditions on the stress are xx (x,y→Ϫϱ)ϭ ext and yy (x,y→Ϫϱ)ϭ xy (x,y→Ϫϱ)ϭ0, which gives rise to a uniaxial stress in the unperturbed film. Furthermore, assume that the interface is traction-free, i.e., i j n j ϭ0, or nn ϭ nt ϭ0, where n denotes the unit normal to the interface, t denotes the tangential direction, and a summation convention is implicit over repeated indices. The resulting tangential stress at the interface is tt ϭ ext ͓1 Ϫ2qh 0 sin(qx)͔ϩO(h 0 2 q 2 ). In particular, this equation implies that the perturbation of the free interface leads to a stress concentration at the valleys, while the stress is relaxed at the hilltops. This stress gradient can drive mass flux from the valleys to the hills, hence increasing corrugation. At sufficiently short-length scales, the surface tension ␥ suppresses the instability. The typical scale of the grooved pattern can be obtained by carrying out a linear-stability analysis. A straightforward calculation 21 yields ϳ␥Y/ ext 2 . For a typical misfit strain of f ϭ0.1, this implies ϳ100-1000 Å.
Ozkan et al. 17 have clearly illustrated the importance of interactions between the smooth strains and dislocations. In particular, in the case of supercritical films, initially the film roughens as subcritical ones. However, the grooves act as preferred nucleation sites for misfit dislocations, 9,14 -16 and once these dislocations are located at the film-substrate interface, they modify the strain distribution in the film that eventually causes the surface ridges to align with the dislocations. Therefore, in order to understand the evolution of the morphology it is important to consider both mechanisms on an equal footing.
III. REVIEW OF RELATED WORK
Since the discovery of the ATG instability and the role of misfit dislocations in strain relief, they have been studied and discussed by various authors. 9 Spencer et al. 4 performed a linear-stability analysis of a growing epitaxially strained dislocation-free solid film, and determined the conditions for which a growing film is unstable. Guyer and Voorhees 6 studied a model of alloy thin film growing by deposition flux from the vapor, and also carried out a linear-stability analysis for the free surface. They demonstrated that, contrary to single-component films, under certain conditions, tensile misfit strain can completely stabilize a growing film, whereas compressive strains of the same magnitude would be destabilizing.
To address nonlinearities, Yang and Srolovitz 5, 22 derived an evolution equation for the free surface of a twodimensional system and found numerically that deep, cracklike grooves form as a result of the instability. In particular, they observed accelerating grooves with finite-time singularities manifested in the apparent divergence of the groove growth rate. However, they did not study the evolution of the interface in the grooved regime. To this end, two of us 7 proposed a model, free from numerical instabilities, based on the Ginsburg-Landau approach to study the strain-relief mechanism at a free surface in two and three dimensions. The model permitted the simulation of the surface instability, and the subsequent competitive coarsening of the interface in the nonlinear regime, in qualitative agreement with experiments of Gao and Nix. 9 Furthermore, this technique made three-dimensional simulations possible. A model similar in spirit was proposed and studied by Kassner and co-workers. 8, 23 The role of misfit dislocations in the strain-relief mechanism of thin films was addressed by Dong et al., 24 who studied the growth and relaxation of two-dimensional misfitting films through molecular-dynamics simulations. They demonstrated that, above a critical thickness, dislocations nucleate and relax most of the misfit. They also demonstrated that the surface morphology plays an important role in the nucleation of dislocations, in which the formation of deep-valley structures acted as preferential nucleation sites for dislocations. However, due to small ͑microscopic͒ length and time scales amenable to molecular-dynamics simulations, they did not address the physics in the nonlinear regime where both coarsening and misfit dislocations and their interactions contribute to the morphology of the film.
A different type of approach to studying dynamics of dislocations in three dimensions under external stresses was undertaken by Schwarz, 25 where the motion of dislocation lines is driven by the net local stress through the Peach-Koehler force. While treating the interactions and topology of the dislocation network physically, the motion of the dislocations was not coupled to the evolution of a free surface, and therefore, the response of the free surface to both nonsingular and singular stresses could not be addressed.
All of the approaches presented above have some inherent shortcomings. Continuum models presented to date 4 -8 only include smooth elastic fields, and dislocations have been omitted. The molecular-dynamics simulations of Dong et al. 24 include dislocations implicitly. However, length and time scales amenable to molecular-dynamics studies are quite short (ϳ10 Ϫ7 m and ϳ10 Ϫ8 s). Therefore, it is worthwhile to develop a coarse-grained continuum formulation, free from length and time-scale restrictions, which is able to treat smooth elastic strains as well as the nucleation, interaction, and dynamics of dislocations in heterogeneous strained systems. As discussed above, this approach necessarily leads to a free-boundary problem with singular longranged elastic fields. A continuum approach constitutes a minimal model whose generic features are applicable to many microscopically different systems.
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IV. MODEL
Our approach is based on the phase-field method employed by two of us 7 and Kassner and co-workers 8, 23 to model the ATG instability, in the absence of dislocations. A preliminary account of some aspects of this work can be found in Ref. 27 . We couple a scalar vapor-solid order parameter to vectorial displacement and dislocation density fields, including an elastically inert solid substrate. Dislocations are characterized by a vector field b ជ (r ជ ), which gives the local Burger's vector density. Dislocations give rise to and interact through singular stresses; in particular, upon assuming mechanical equilibrium, one can relate b ជ (r ជ ) to the singular part of the stress tensor through the Airy stress function. 28 Moreover, correct and accurate treatment of these singular interactions is essential. To this end, we make use of and generalize the continuum model introduced by Aguenaou 29 to study dislocations and their interactions in two spatial dimensions. In particular, we introduce an auxiliary field that mediates the nonlocal interaction between the dislocations. This field is massive ͑and hence short ranged͒ in the vapor phase, while becoming massless ͑long ranged͒ in the solid phases. As shown below, this is sufficient to make the dislocation interactions vanish in the vapor phase, as required. It leads to the correct logarithmic dependence of the dislocation self-energy on the thickness of the film, which is essential in order to recover the MatthewsBlakeskee critical thickness. Furthermore, in our approach, dislocations are coupled to the external stresses via standard elastic interaction; this provides a thermodynamic driving force for the nucleation of dislocations.
Dynamic fields included explicitly in the model are a scalar solid-vapor order parameter , the Burger's vector field b ជ (r ជ ) for the dislocations, and six components for the nonsingular and singular stresses. Upon employing mechanical equilibrium conditions, however, the only explicitly timedependent fields are and b ជ ; smooth strains are expressed in terms of . Singular stresses and their interaction with nonsingular strains are determined through and b ជ by introducing two auxiliary fields that are equilibrated instantaneously or equivalently, on a time scale much shorter than typical time scales corresponding to the evolution of the surface. Physically, this corresponds to the assumption that the relevant dynamics is slow compared to the speed of sound; this condition is most certainly valid in typical experiments where the evolution of the surface occurs over several minutes or hours. 9, 17 An important feature of the model is that, since dislocations are topological defects, their dynamics must satisfy a conservation law for the total Burger's vector, leading to diffusive dynamics. This allows us to study the effect of defect mobility on the pattern forming system. Furthermore, we assume that evaporation condensation is the main mechanism for mass transport to and from the film, leading to nonconserved dynamics for the solid-vapor order parameter.
This interplay between conserved dislocations and nonconserved mass leads to interesting effects, such as mobilitydependent ductility: in Ref. 27 it is shown that, depending on their mobility, defects can screen stress by building up at large-curvature groove tips, leading to high ductility, or be ''outrun'' by the tips, leading to brittleness via a nonequilibrium brittle-to-ductile transition. Finally, we consider an external deposition flux that allows us to study both annealed systems and systems with deposition.
A. Statics
As a generic model for the energetics of strained thin films, the free-energy functional is constructed such that it describes a strained solid-vapor system with coexisting phases, and dislocations interacting with each other, and with the nonsingular strains in a finite film. We write F as the sum of seven terms: 21,28 -30 FϭF ϩF ext ϩF el ϩF int ϩF loc ϩF coup ϩF flux . ͑3͒
Phase coexistence of solid, film, and vapor is described by the term involving the order parameter ,
where 2 , a is a constant, is the compressibility modulus, and 0 is proportional to the externally applied stress. Hence, the homogeneous equilibrium phases of the vapor, film, and solid substrate correspond to eq ϭ0, 1, or 2, respectively. For an inhomogeneous system, these coexisting phases will be separated by diffuse interfaces of thickness wϳ⑀ͱa. The phase-field approach is equivalent to the sharp-interface formulation as long as the interface thickness is much smaller than typical length scales of interest in the morphology. 31 We introduce ⌽ mis and ⌽ sol to enforce convenient thermodynamics for the vapor, film, and solid substrate equilibrium phases, generalizing the approach of Kobayashi. 32 The quantity ⌽ mis ensures that the stress only occurs at a misfit; ⌽ sol ensures that only the two solid phases can support shear. This is done by requiring ⌽Ј( eq )ϭ0, where the prime denotes a derivative, and ⌽( eq )ϭ eq , for eq ϭ0 or 1, while for eq ϭ2, ⌽ mis ϭ0 and ⌽ sol ϭ1. These requirements are satisfied by the choices
and
The externally applied stress enters through
This ''prestress'' leads to nonzero stresses in the epilayer; the strength of the applied stress is determined by the coupling constant 0 . We assume that all of the misfit strain is accommodated by the film. This assumption is justified as long as the film thickness is much less than the thickness of the substrate layer. Smooth nonsingular elastic fields are described by
where is the shear modulus. The singular part of the elastic energy involves several terms. Interactions between dislocations are mediated by a complex auxiliary field through
where Y is the Young's modulus and l is a microscopic length entering into the boundary conditions for at the free surfaces, as shown in Appendix E. Below we relate to the Airy stress function. Once integrated out, 29 this gives rise to the nonlocal interaction between the dislocations, as demonstrated below. Back coupling of the defects to the stress involves the field
͑10͒
The local energy of a dislocation enters through
where b 0 is the size of the dislocation, which is set by the anharmonic term, E c ϳb 2 is the defectcore energy, and c is a constant that determines the barrier for the nucleation of defects. Finally, the coupling between singular strain u i j s and smooth stress i j ns is accomplished by
The last term in the free-energy functional describes external flux
where H is a constant,
denotes the position of the stationary film-substrate interface, and is the Heaviside step function. This controls the flux of particles to the epilayer, permitting the study of both annealed films and films with deposition.
Nonlocal couplings between the dislocations, as expressed by the Peach-Koehler force, enter through F int . This term arises from the elastic energy stored in the singular stresses, and it is merely an alternative way of writing F int ϭ 1 2 ͐dr ជ i j s u i j s . This can be seen as follows. First, we note that employing the definition of the Airy stress function , it can be shown 33 that this is equivalent to 29, 33, 34 it is straightforward to show that Eq. ͑14͒ can be rewritten as
Now, if equilibrates instantaneously, it follows that satisfies ͑letting ϵIm )
By identifying ϭϪ, satisfies
For a homogeneous system, ⌽ sol ϭ1, and Eq. ͑16͒ reduces to
Equation ͑18͒ is easily solved in Fourier space, and when is replaced by its solution, it can be shown, 29 that F int leads to the well-known nonlocal interaction between the dislocations, as embodied in Eq. ͑15͒.
Consider a heterogeneous system, as described by Eq.
͑16͒. Since vanishes in the vapor phase, dislocations in that phase do not contribute to the overall stress state of the system, and hence they do not interact amongst themselves or with other dislocations in the solid phases. In addition, singular stresses due to defects in the film must vanish in the vapor phase. This is enforced conveniently by the inhomogeneous mass term in Eq. ͑16͒. In the vapor phase, we have ٌ 4 ϩ/l 4 ϭ0. In Appendix E we show that this implies exponentially decaying solutions for the dislocations in the vapor phase. Consequently, this enforces effective boundary conditions for at the solid-vapor interface. In particular, we use an asymptotic expansion to show that satisfies the following partial differential equation in the sharp-interface limit:
The origin of the elastic coupling terms is straightforward. The total strain u i j tot of the system is 35 33, 34 in their study of dislocation mediated melting in two dimensions.
B. Dynamics
We assume that the dynamics of the system is driven by the minimization of the free energy, thereby leading to relaxational dynamics for and b ជ . Mechanical equilibrium allows us to integrate out the strains; consequently, two auxiliary fields are naturally introduced. As discussed above, the interaction between the dislocations is mediated by the field , and the interaction between the dislocations and smooth stresses is mediated by a new field ␤. These fields satisfy ͑see Appendix B for a derivation͒
͑19͒
These fields are equilibrated instantaneously using an iterative scheme. Following Onuki and Nishimori, 39 Sagui et al., 40 and Müller and Grant, 7 we employ the mechanical equilibrium equations to solve for u i j ns in terms of , to first order in /. The time dependence of the order parameter is assumed to obey
where the constant mobility is an inverse time scale related to the attachment and detachment kinetics of atoms at the interface evaporation-condensation mechanism for kinetics. For convenience we will set this mobility to unity hereafter ͑hence, time is in units of ⌫ Ϫ1 ). Note that we have assumed that the main matter transport mechanism is evaporation condensation, which speeds up our simulation studies appreciably. In other words, material in the film is not conserved. While this mass-transport mode is not the dominant one for annealed films in vacuum, where the film evolves under surface diffusion, we anticipate that the physical processes we investigate in this paper are relatively insensitive to the mode of matter transport.
Defects are conserved due to their topological nature; they can only appear and disappear in pairs and hence the total Burger's vector is conserved. For b x we have
where D ជ is a mobility tensor. For simplicity we will ignore thermal noise. The relatively easy glide motion and the more sluggish motion in the climb direction, 28 have different mobilities. This is phenomenologically accounted for by writing the mobility tensor as
where m g and m c denote the glide and climb mobilities. Note that the scalar ͚ i j D i, j a i c j formed from D ជ , say, and two arbitrary vectors a ជ and c ជ is invariant under reflections x →Ϫx and y→y. This implies that off-diagonal elements vanish, while the diagonal elements are arbitrary. Since vacancies are not included explicitly, we expect m c Ӷm g . For thin-film growth, this is unimportant since most dislocation motion is in the climb direction in any case. We rewrite the equation of motion as
The Most of the functional variations of F can be found easily, but ␦F coup /␦ is quite involved. The derivation is given in Appendix B. For the derivation, it is useful to introduce the coupling field ␤(r ជ )ϵ⑀ i j ␦F/␦(ٌ i b j ) between the dislocations and i j , where ⑀ i j is the antisymmetric unit tensor. As discussed above, it results from integrating the strain out of the dynamics, and mediates the interaction between the defects and smooth stresses.
C. Model in the sharp-interface limit
In the absence of dislocations, one can 21 derive the following equation of motion for the film-vapor interface, as shown in Appendix C:
where
In the above, Y (x,y) is the distance normal to the curved surface at any point, 0 (Y ) is the local-equilibrium solution for the order parameter at the interface, K denotes the local curvature, ␥ϭ⑀ 2 ͐dY (d/dY ) 2 is the surface tension, and tt denotes the tangential stress at the interface. Furthermore, the stresses satisfy ‫ץ‬ i j /‫ץ‬x j ϭ0, with nn ϭ nt ϭ0 and xx (x,y→Ϫϱ)ϭ ext . Equation ͑24͒ has a transparent physical meaning: surface tension tends to flatten the interface, while larger tangential stress at the bottom of the grooves leads to faster growth, providing a positive feedback mechanism.
The presence of a nonzero deposition flux and dislocations leads to four additional terms in Eq. ͑24͒, as shown in Appendix C, 
The second term arises from deposition. For the additional three terms, two of these can be mainly attributed to dislocations in the bulk and the last one to interfacial dislocations. Both bulk and interface dislocations give rise to tangential stresses at the interface. Note that dislocations partially screen the stress giving rise to slower growth due to elasticity; furthermore, for tt s ϷϪ tt ns , the growth can become very slow since the net stress in the film has almost vanished. Indeed, Eq. ͑27͒ has an appealing physical interpretation. In the absence of dislocations, buckling of the surface is driven by the tangential stress at the interface. Dislocations nucleate and renormalize ͑screen͒ the stress partially. This leads to a decrease in the net tt and hence to slower growth.
Interfacial dislocations, on the other hand, give rise to both stresses at the interface and also to the last term in Eq. ͑27͒. We can physically interpret this contribution as follows. First, in the absence of external stresses (␤ϭ0), it is straightforward to show that the above term is positive and hence favors melting of the solid. This is due to the fact that dislocations at the interface give rise to stresses in the vicinity of the interface and the system can reduce its elastic energy by eliminating these interfacial dislocations by melting. In the presence of external stresses, on the other hand, this term vanishes for 
where noise has been neglected. Since both and ␤ vanish in the vapor phase, the Burger's vector satisfies nonlinear diffusion equations, driven by F loc .
In summary, our model in the sharp-interface limit reduces to three kinetic equations, namely, Eq. ͑27͒ for the film-vapor interface, Eqs. ͑31͒ for the dislocation dynamics in the solid phases, and the following equations for the auxiliary fields (,␤) in the solid phases:
͑33͒
Finally, the boundary conditions at the interface for the elastic and auxiliary fields are nn ns ϭ nt ns ϭ0, ϭٌ ជ •n ជ ϭ0, and ␤ϭٌ ជ ␤•n ជ ϭ0. Auxiliary fields (,␤) are equilibrated numerically by employing an iterative method described in Appendix A.
D. Discussion
In this section we have introduced a continuum model to study the dynamics of dislocations coupled to external stresses and free surfaces in two spatial dimensions. Let us now briefly discuss some of the approximations that are employed in solving the model. For simplicity, we consider elastically isotropic systems in this paper. It is certainly true that the detailed surface structure and dislocation slip planes depend strongly on the presence of elastic and surfacetension anisotropies, as well as on the lattice structure of the film. However, the aim of this paper is to introduce a robust model that allows us to study and understand the generic features of dislocations interacting with external stresses and free surfaces at the expense of omitting various microscopic details of any particular system. On the other hand, incorporating, say, the aforementioned anisotropies is straightforward within our approach, and we envision further fruitful investigations along these lines.
While singular strains are obtained accurately by directly solving for the Airy stress function, the smooth strains are computed as a function of the order parameter from a firstorder perturbative expansion in /. 7, 39, 40 We have verified that this approximation leads to qualitatively correct stress profiles ͑such as the large stress concentration at the bottom of the grooves͒; more accurate profiles could be obtained by including higher-order terms in the expansion, as was demonstrated recently by Hu and Chen, 36 or by directly solving the elasticity equations as was done by Kassner et al. 23 As the model stands now, it applies only to twodimensional systems. In three dimensions, one must consider the topology of line defects and find a convenient way to solve the equilibrium elastic equations for the singular stresses. In Appendix D we outline how this can be achieved by employing an approach similar to that discussed in this paper.
V. RESULTS
A. Numerical studies of static dislocations
Convergence in quasi-one-dimensional systems
To test our approach, we have evaluated the stress component xx in a system of dimensions L x ϭ64, L y ϭ128 due to a line of dislocations with b x (x,yϭL y /2)ϭ1.0. First, we compute iteratively and then numerically evaluating xx ϭ‫ץ‬ 2 /‫ץ‬y 2 . The film (ϭ1) occupies the region 0ϽxϽL x and 32ϽyϽ96 and is surrounded by vapor (ϭ0) above and below. Concerning convergence of , there are two issues. First, since we employ an iterative method, we expect the solution n→ϱ (l)ϭ. Furthermore, in the limit of small l, which corresponds to enforcing effective boundary conditions at the film-vapor interface ͑see Appendix E͒, we expect n (l) to approach the sharp-interface limit solution.
The results for three values of lϭ(3.0,2.0,1.0) are shown in Fig. 1 , along with an analytical solution corresponding to boundary conditions (x,yϭ32)ϭ(x,yϭ96)ϭ0 and ‫ץ/ץ‬y(x,yϭ32)ϭ‫ץ/ץ‬y(x,yϭ96)ϭ0. To obtain the analytic solution, we use the Green function G(y,yЈ) satisfying 
G͑ y,yЈ͒ϭ
where is the Heaviside step function. The analytical solution is built from a superposition of two G(y,yЈ) corresponding to two ␦ functions and xx is evaluated from xx ϭd 2 /dy 2 ͓G(y,y 1 )ϩG(y,y 2 )͔. Two things are noteworthy in the figure. First, the numerical solution converges towards the analytical result for l/L y →0, in agreement with the sharp-interface calculation of Appendix E. Second, the number of interactions needed to converge increases rapidly in this limit. In particular, reducing l from lϭ2 to lϭ1 leads to an approximately tenfold increase in the number of iterations. Therefore, the value of l employed in simulations is dictated by two opposing considerations: first, small l is required for good convergence to the sharp-interface limit. Second, very small l will result in excessively long equilibration times. Our chosen compromise, which is physically relevant and numerically convenient, is lϭ2.0.
Dislocation self-energy
Consider next the numerically evaluated dislocation selfenergy E s as a function of the film thickness w, displayed in Fig. 2 . Parameters used were b x (L x /2,L y /2)ϭ1.0, lϭ2.0, ϭ0.25, and L x ϭ128. This data was obtained by relaxing the auxiliary fields and ␤ to equilibrium and then evaluating
͑36͒
Notice the gradual increase in E s as w is increased. Theoretically, it can be shown 30 that
This is due to the fact that the finite thickness of the film effectively cuts off the long-ranged singular stress fields. Plotting E s vs ln w, as shown in the inset, reveals good qualitative agreement with theory. Moreover, the numerical data gives E s (w)Ϸ0.027 ln w while the theoretical prefactor is Ϸ0.02, for this set of parameters. Hence, the prefactor is in reasonable quantitative agreement. Additionally, we have evaluated E s for fixed w and varying b x , and verified that E s ϳb x 2 , in accord with theory. Furthermore, we find that E s shows negligible dependence on l for l/wӶ1.
Defect-defect interaction energy
Consider a a pair of dislocations separated by a distance d in a thin film of varying thickness wϭ10,20,30, as shown in Fig. 3 . The gradient of the interaction energy E int gives rise to the Peach-Koehler force discussed before. It can be shown 30 that, in an infinite system, E int Ϸconst(ln d). Of course, a finite film thickness w cuts off long-range interactions for length scales dӷw. We find that, as w is increased, E int increases rapidly and reaches a plateau as d becomes comparable to 2w. Furthermore, the plateau value E int sat corresponds to E int sat ϭ2ϫE s (w), as can be verified from Fig. 2 , reflecting the fact that two dislocations with dӷw cease to interact. It is also clear from Fig. 3 that increasing w leads to a larger crossover length, after which the defects interact only very weakly.
Numerical evaluation of the critical thickness h c
Finally, as a last test case for dislocations in static films, we demonstrate that the Matthews-Blakeslee condition for the critical thickness is correctly incorporated in the model. In the absence of external strain, u i j ns ϵ0, the energy cost to create a defect with ͉b ជ ͉ϭb 0 is ͑including the long-range strain fields͒
where E s denotes the self-energy of the defect. If, however, external strain is present, the defect-free state will be stable until 
͑39͒
Equation ͑39͒ is equivalent to the Matthews-Blakeslee theory of the critical thickness: Once the contribution due to external strain exceeds E, a localized defect will be nucleated. In our approach there exists a barrier separating the two freeenergy minima. The height of the nucleation barrier E n can be estimated from the local defect free energy as the barrier separating the two equal minima at ͉b ជ ͉ϭ0 and ͉b ជ ͉ϭb 0 ; it will be of the order of the free energy at ͉b ជ ͉ϭ0.5b 0 ,
One can conveniently tune E n by appropriately changing c while still keeping E c and b 0 constant. Employing similar numerical simulations to those discussed above, we computed the self-energy E s of the dislocation as well as the interaction energy E f ,b , for misfit strain f ϭ0.006 25. This is shown in Fig. 4͑a͒ , for a symmetric film wϭ2h with a dislocation of strength b x ϭ1.0 in the middle. This data was obtained by relaxing the auxiliary fields and ␤ to equilibrium and then evaluating
͑42͒
As expected on the basis of the continuum theory, for small w, E s Ͼ͉E f ,b ͉ and the film remains coherent. However, for hϾh c Ϸ15 and E s Ͻ͉E f ,b ͉, it is favorable for a single dislocation to nucleate. It is interesting to note that the criterion derived in Sec. II A would predict a critical thickness of h c Ϸ10 for the same set of parameters, a result in good agreement with our numerical estimate. In Fig. 4͑b͒ we show similar calculations made with an asymmetric film. In particular, the lower surface was fixed at a distance hЈϭ32 away from the dislocation and the upper surface was positioned at a distance h away from the dislocation. Again, the interaction energy dominates for large h, thereby giving rise to the Matthews-Blakeslee condition. 
B. Numerical studies of thin-film dynamics
Early-time regime without deposition
We have studied the early-time evolution of slightly perturbed interfaces, both with and without defects. Our results are summarized in Fig. 5 , where we show interface profiles at tϭ10, 15, 20, 25 and the growth rates of the various Fourier modes, for E c ϭ1.0, E c ϭ50.0, and E c ϭϱ ͑no defects͒. This data was obtained by initializing the system with a sinusoidal interface of amplitude h 0 and wave number q, and monitoring the subsequent evolution of the corresponding Fourier mode. 7 The parameters employed were N x ϫN y ϭ128 ϫ128, m c ϭm g ϭ0.01, ϭ 0 ϭ0.5, and ϭ1.0. Dislocation densities were initialized with small random fluctuations of root-mean-square magnitude 10 Ϫ4 . At very early times (t Ͻ10) we observe approximately exponential growth for h(q,t), as expected. 7 This phase persists longer without defects. At later times with defects, we find slower growth. Our data shows that defects decrease the initial growth rate; decreasing the defect density upon increasing E c leads to faster growth. This can be understood from the thermodynamic theory of stressed solids by Ref. 12 , according to which, for supercritical films, dislocations nucleate and anchor at the substrate-film interface thereby lowering the overall stress of the film. Qualitatively similar effects are seen upon decreasing defect mobility. In particular, reducing the mobility m c to m c ϭ0.001 leads to practically indistinguishable results as compared to the system without defects, as far as the initial linear stability is concerned.
Late-time regime without deposition
In the absence of dislocations, in the nonlinear regime, the system lowers its free energy by continuously coarsening the film-vapor interface, as observed previously. 7 In Fig. 6͑a͒ we show a typical late-time profile during the relaxation. Simulation parameters were N x ϭ256, N y ϭ256, Hϭ0.0, ϭ0.25, ϭ1.0, 0 ϭ0.775, and ⑀ϭ1.0. The initially flat surface develops into a grooved profile with a well-defined wavelength. Eventually, the film breaks up into islands with the substrate partially exposed, in agreement with controlled annealing experiments of subcritical Si 1Ϫx Ge x films of Ozkan et al. 17 We quantify this behavior by studying the time-dependent structure factor S͑q ͒ϵ ͵ dx e iqx ͗h͑x,t͒h͑0,t͒͘, ͑43͒ as a function of wave number q, where the averaging is done over initial conditions. In Fig. 7͑a͒ we show the structure factor at different times for a film devoid of dislocations. Simulation parameters were set to N x ϭ256, N y ϭ256, H ϭ0.0, ϭ0.25, ϭ1.0, 0 ϭ0.775, and ⑀ϭ1.0. Notice how the peak moves to smaller wave vectors as time progresses, implying coarsening. This is illustrated in Fig. 8͑a͒ where we plot the dominant wave vector q max as time progresses, with and without defects. Analysis of S(q) at earlier times reveals dynamics consistent with linearized theory. In particular, the peak of S(q), S max , increases approximately exponentially. The most linearly unstable wave vector dominates in the beginning, until nonlinear effects lead to competitive growth for the different modes. At later times, S max ϷA nd t ␣ , with ␣Ϸ3, as shown in Fig. 8͑b͒ , in agreement with previous results. 7 When dislocations are included in the dynamics, the evolution of supercritical films changes dramatically. In Fig. 6͑b͒ we show a late-time profile starting from the same initial condition as in Fig. 6 , with small fluctuations of average zero for the dislocation densities in the system. Simulation parameters were set to lϭ2.0, b 0 ϭ1.0ϫ10 Ϫ2 , c d ϭ2.0ϫ10 6 , and m c ϭm g ϭ0.1. The film remains flat and the fluctuations of the solid-vapor interface become smaller at later times. This can be understood by examining the corresponding b ជ dislocation distributions in Figs. 6͑c͒ and 6͑d͒. There is considerable dislocation activity at the film-substrate interface at early times. In particular, dislocations with positive b x component of the Burgers vector align themselves at the interface. This is a consequence of the fact that the film is under tension, so positive dislocations generate a compression in the film and reduce the overall stress. Notice also how dislocations with a nonzero b y component are located at the solid-vapor interface where xy ns and yy ns are nonzero. In particular, they are completely absent in the bulk of the film.
In general, we find that either increasing E c or decreasing m c ͑or both͒ leads to a more pronounced buckling and hence faster coarsening of the interface. To illustrate this, see Figs. 9͑a͒ and 9͑b͒ where we show a configuration with E c ϭ10.0 and m c ϭm g ϭ0.01, as well as the corresponding b x dislocation distributions. The film breaks up into islands, although the islands are somewhat larger in this case, due to the smaller effective stress in the film. Furthermore, there is a pronounced defect distribution beneath the islands, in qualitative agreement with experiments of Ozkan et al. 17 Physically, it is easy to see why the dislocations decouple from the system, as either E c →ϱ or m c →0: in the first case, dislocations are energetically unfavorable in the the solid, whereas in the second case, the time for defect distribution buildup is too long, on the time scale of the buckling, to be effective in relaxing the strain. FIG. 7 . ͑a͒ Time-dependent structure factor S(q,t) at four different times in the absence of dislocations. From top to bottom: t ϭ18.0,14.0,10.0,6.0. Dashed lines are polynomial fits to the data and serve as guides to the eye. ͑b͒ From top to bottom, S(q,t) at t ϭ18.0,14.0,10.0,6.0 with defects. Two things are noteworthy. First, the evolution of the morphology has slowed down considerably. Second, the most dominant wavelength occurs at smaller q when defects are present. This is a consequence of a renormalized stress in the film .   FIG. 8 . ͑a͒ Time evolution of the peak position q max (t) both with and without dislocations. Notice how q max shifts towards smaller q asymptotically with defects. ͑b͒ S max (t) vs t 3 at late times for both dislocated ͑right panel͒ and defect-free systems ͑left panel͒. Dashed line is a linear fit and demonstrates that the defect-free system displays behavior consistent with S max (t)ϳt 3 at late times. Such behavior is not seen with dislocations within time scales studied here due to crossover effects.
The behavior of S(q,t), shown in Fig. 7͑b͒ , is qualitatively similar to that found in the absence of defects. Simulation parameters were set to lϭ2.0, aϭ0.5, b 0 ϭ2.0 ϫ10 Ϫ2 , c d ϭ2.0ϫ10 6 , and m c ϭm g ϭ0.05. We observe coarsening with q max at smaller values of q in the nonlinear regime, as illustrated in Figs. 7͑b͒ and 8͑a͒. This is to be expected since the defects relax the misfit strain partially and hence the driving force for the instability is decreased. However, we do not find the asymptotic S max ϳt ␣ as before; instead, we find a crossover to slower growth. This is illustrated in Fig. 8͑b͒ . There is a buildup of misfit dislocations in the film, which tends to slow down the growth rate, in agreement with the Matthews-Blakeslee theory.
In the asymptotic regime, where the misfit dislocations coexist with the smooth strains, the morphology of the film is determined by the strong interaction between the stress concentration at the bottom of the grooves and singular stresses.
In particular, we have recently observed 27 that dislocations accumulate at the groove tips and relax the stress locally. In this regime ͑not observed here͒ we expect that S max ϳt ␣ behavior would again be found, although there could be different behavior near the brittle-ductile transition: 27 the buildup of mobile dislocations at the groove tips in the asymptotic regime, relaxes stresses only locally, which is tantamount to renormalizing the surface tension, and hence leads to the same asymptotic behavior.
Late-time regime with deposition
In the presence of deposition, the morphology has a welldefined length scale, similar to the annealed films. This can be seen in Fig. 10͑a͒ we show a profile from a simulation with nonzero deposition rate. Parameters used in this simulation were N x ϭ256, N y ϭ512, Hϭ0.3, 0 ϭ3.1, ϭ ϭ1.0, and ⑀ϭ1.0. It is noteworthy, that, once the film has broken up into islands, these islands grow in the vertical direction with little coarsening in the plane of the substrate. This can be understood by recalling that the island tops are stress-free and hence preferred sites for further growth. Furthermore, it is intuitively clear that an island with height much greater than its basal width is strained only close to the substrate. Therefore, the overall length scale of the selfassembled pattern depends on the initial growth rate of the instability, deposition rate, and the initial thickness of the film. For thin enough films, the selected wavelength will be close to the most linearly unstable wavelength.
Dislocations affect the evolution of the morphology in a similar way as in the absence of deposition. In particular, mobile defects lead to a smooth interface, whereas more sluggish defects lead to a grooved profile. Furthermore, upon increasing the core energy, the film becomes more rough due to a decrease in the defect density. See Figs. 10͑b͒ and 10͑c͒ where order parameter and dislocation profiles are shown corresponding to E c ϭ10.0 and m c ϭ0.025. In the asymptotic regime, the film consists of islands separated by uncovered substrate. Positive dislocations become buried under the islands and there is a concentration of dislocations at indentations on the film-vapor interface, in qualitative agreement with experiments of Ozkan et al.
17
VI. CONCLUSIONS AND DISCUSSION
We have introduced a nonequilibrium model of elasticity in heterogeneous systems, which includes both smooth and singular strains and their coupling to free surfaces. We have given the model a detailed exposition, as well as demonstrated that the interaction between singular and smooth stresses can lead to rich pattern-formation phenomena. In the case of annealed films, we have shown that dislocations renormalize the misfit stress in the film in agreement with Matthews-Blakeskee theory. Moreover, we have shown that the film undergoes a buckling instability, driven by the residual stress in the film. We have quantified this by numerically evaluating the linear dispersion relation (q). In particular, we have shown that increasing core energy and decreasing mobility lead to less effective screening of the external stress. Furthermore, we have recently shown 27 that dislocations interact very strongly with the smooth stresses in the nonlinear regime. This is due to the stress concentration at the bottom of the grooves. A deeper understanding of the physics in the asymptotic regime requires unraveling the coupled dynamics of dislocations and stress concentration at the bottom of the grooves. This will be addressed in a separate publication.
So far as films with deposition are concerned, we have shown that ͑i͒ in the absence of dislocations, the film breaks up into islands with a well-defined length scale, in qualitative agreement with experiments, and ͑ii͒ dislocations affect the morphology through strain relaxation. In particular, in the presence of mobile dislocations, the film-vapor interface remains smooth. However, upon decreasing the number or the mobility of dislocations leads to more rough morphologies. Finally, we note that the qualitative features reported above are robust towards varying the elastic parameters. In particular, we have varied l, E c , 0 , and and found qualitatively similar behavior.
It would be of interest to extend this approach to three spatial dimensions; an outline for the procedure is given in Appendix D. In particular, this would enable one to study the detailed interactions between defects and smooth strains in experimentally relevant situations.
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APPENDIX A: EQUILIBRATION OF THE AUXILIARY FIELDS ",␤…
The equations of motion, Eqs. ͑20͒ and ͑21͒, together with Eqs. ͑19͒ that determine the quasistatic fields (,␤), completely specify the dynamics of the model. The fields (,␤) were equilibrated every nth iteration using an iterative spectral method. Typically, nϭ10-30. It was verified that decreasing n did not affect the results reported in this paper. The main idea of this method is as follows. Since the biharmonic equation with constant coefficients is diagonal in Fourier space and hence amenable to fast numerical solution using the fast Fourier transform ͑FFT͒ method, one obtains the following scheme: First, an initial solution i, j 0 is obtained. The new correction is obtained by solving
͑A3͒
where 
APPENDIX B: ORDER-PARAMETER AND FUNCTIONAL DERIVATIVES
Most of the terms in Eq. ͑3͒ can be used in a straightforward manner to work out the functional derivatives with respect to the relevant fields (,b x ,b y ) for the equations of motion. The exception is F coup .
Dislocation density
The coupling in terms of the Airy stress function is
where we have employed Hooke's law to express strains in terms of stresses and hence the Airy stress function .
Let the Green function G(r ជ ,r ជ Ј) satisfy
The formal solution of Eq. ͑17͒ is thus
͑B3͒
This allows us to rewrite Eq. ͑B1͒ as
͑B4͒
Upon interchanging r ជ and r ជ Ј and carrying out two partial integrations one finally arrives at ͑note that surface terms vanish due to periodic boundary conditions͒
͑B6͒
Since we do not have a closed-form expression for G, we evaluate ␤ numerically in a similar manner as ,
The asymptotic solution for ␤ is given by Eq. ͑B6͒. Hence, with this formulation the dynamics from the coupling to external stresses for the b x,y fields are straightforward to calculate.
Order parameter
In order to treat , we proceed as follows. First, we rewrite F coup ͑after two partial integrations͒ as ⌽ sol Ј ͑ r ជ ͒͑ r ជ ͒ ͪ ␤͑r ជ ͒.
͑B14͒
As a final step, we replace by Ϫ and obtain
͑B15͒
The remaining functional derivatives are straightforward to obtain. For completeness, we list all such derivatives below. In this Appendix we will derive the equation of motion for the solid-liquid interface by employing the projectionoperator method, valid in the thin interface limit K⑀Ӷ1, where K denotes the local curvature of the interface and ⑀ is the width of the diffuse interface.
␦F ␦
We begin by writing down the equation of motion for the order parameter
͑C1͒
We use an orthogonal coordinate system (X,Y ), where Y (x,y) denotes the distance to the interface from point (x,y) along a normal to the interface, and X(x,y) denotes the arc length along the interface measured from some reference point. We define the interface position to be given by the level set ϭ1/2. Next, given a gently curved interface on the scale of ⑀, we write the solution to Eq. ͑C1͒ in the quasistationary approximation as ͑r ជ ,t ͒Ϸ 0 "w͑r ជ ,t ͒…, ͑C2͒ since ⑀ ilm is antisymmetric in (il) and the partial derivatives are symmetric. Hence, the auxiliary conditions hold at all times.
